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<latexit sha1_base64="pkUqrfOc6kSQR4kRvrK1Xgsqxo0=">AAACIXicbVDLSgMxFM34rPU16tJNsAgVSpkRH10W3biSCvYBnaFk0rQNTWaGJKMOY3/Fjb/ixoUi3Yk/Y6YdRFtPCDmccy+593gho1JZ1qexsLi0vLKaW8uvb2xubZs7uw0ZRAKTOg5YIFoekoRRn9QVVYy0QkEQ9xhpesPL1G/eESFp4N+qOCQuR32f9ihGSksds1IrOnB6HuFDCd6XoFeCjqR9jo7Sl0OHIzXAiCXXo2L843XMglW2JoDzxM5IAWSodcyx0w1wxImvMENStm0rVG6ChKKYkVHeiSQJER6iPmlr6iNOpJtMNhzBQ610YS8Q+voKTtTfHQniUsbc05XptHLWS8X/vHakehU3oX4YKeLj6Ue9iEEVwDQu2KWCYMViTRAWVM8K8QAJhJUONa9DsGdXnieN47J9Vj69OSlUL7I4cmAfHIAisME5qIIrUAN1gMETeAFv4N14Nl6ND2M8LV0wsp498AfG1zdCCaCY</latexit>

P ( |x,w, b,�) ⇠ N (y,�)🐼

Likelihood of an observed panda body mass

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>
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<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>
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<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>
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Diet Body mass 🥦 🐼

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

slope interceptprediction

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>

= y ± �🐼

error (st. dev.)

Probability density function of a normal distribution

y🐼
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<latexit sha1_base64="kl5abazn83IKO5sjcNFPFieR99Y="></latexit>
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Priors on the model parameters

Linear regression
Pr

io
r p

ro
ba

bi
lit

y

Pandas are terrestrial 
mammals

<latexit sha1_base64="/rkBPhowZd2IOktzVeHd0d1R/ng=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoN2VGfC2LblxWcNpCZyiZNG1Dk8yQZIQy9hvc+CtuXCji1pU7/8ZMO4K2nhA4nHMv994Txowq7ThfVmFpeWV1rbhe2tjc2t6xd/eaKkokJh6OWCTbIVKEUUE8TTUj7VgSxENGWuHoKvNbd0QqGolbPY5JwNFA0D7FSBupa1cblbAKfUU59DnSQ4xY6k0qPpy9e/jDql277NScKeAicXNSBjkaXfvT70U44URozJBSHdeJdZAiqSlmZFLyE0VihEdoQDqGCsSJCtLpSRN4ZJQe7EfSfKHhVP3dkSKu1JiHpjJbW817mfif10l0/yJIqYgTTQSeDeonDOoIZvnAHpUEazY2BGFJza4QD5FEWJsUSyYEd/7kRdI8rrlntdObk3L9Mo+jCA7AIagAF5yDOrgGDeABDB7AE3gBr9aj9Wy9We+z0oKV9+yDP7A+vgEEBZqH</latexit>

P (b) ⇠ U( | )🐭 🐘Intercept: Error:

Standard deviation

<latexit sha1_base64="AHFoJ97HHQObCJtX0T4hCkiSzL4=">AAACDXicbVDLSgMxFM34rPU16tJNsAotSJkRX8uiC11WsA/oDOVOmrahycyQZIQy9Afc+CtuXCji1r07/8a0nYW2Hrjcwzn3ktwTxJwp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFsBqAoZyGtaaY5bcaSggg4bQSD67HfeKBSsSi818OY+gJ6IesyAtpIbfuwWvQU6wkoYdMF9m5ACCh6wOM+HGMvoBpKbbvglJ0J8DxxM1JAGapt+8vrRCQRNNSEg1It14m1n4LUjHA6ynuJojGQAfRoy9AQBFV+OrlmhI+M0sHdSJoKNZ6ovzdSEEoNRWAmBei+mvXG4n9eK9HdSz9lYZxoGpLpQ92EYx3hcTS4wyQlmg8NASKZ+SsmfZBAtAkwb0JwZ0+eJ/WTsntePrs7LVSusjhyaB8doCJy0QWqoFtURTVE0CN6Rq/ozXqyXqx362M6umBlO3voD6zPHwIjmkY=</latexit>

P (�) ⇠ �(↵,�)

A standard deviation cannot 
be negative
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Diet Body mass 🥦 🐼

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

slope interceptprediction

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>

= y ± �🐼

error (st. dev.)
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<latexit sha1_base64="BLKHV8bAQ+fybLaRobJaFqTttRY=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpQZ8bUsunElFewDOkPJpGkbmmSGJKOUoQs3/oobF4q49SPc+Tdm2llo64ELh3Pu5d57gohRpR3n28otLa+sruXXCxubW9s79u5eU4WxxKSBQxbKdoAUYVSQhqaakXYkCeIBI61gdJX6rXsiFQ3FnR5HxOdoIGifYqSN1LWL9fJDBXqKcuhxpIcYseRmUnaOoFvp2iWn6kwBF4mbkRLIUO/aX14vxDEnQmOGlOq4TqT9BElNMSOTghcrEiE8QgPSMVQgTpSfTJ+YwEOj9GA/lKaEhlP190SCuFJjHpjO9FA176Xif14n1v0LP6EiijUReLaoHzOoQ5gmAntUEqzZ2BCEJTW3QjxEEmFtciuYENz5lxdJ87jqnlVPb09KtcssjjwoggNQBi44BzVwDeqgATB4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBtvyWOg==</latexit>

P (w) ⇠ N (0, 1)
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Priors on the model parameters
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<latexit sha1_base64="/rkBPhowZd2IOktzVeHd0d1R/ng=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoN2VGfC2LblxWcNpCZyiZNG1Dk8yQZIQy9hvc+CtuXCji1pU7/8ZMO4K2nhA4nHMv994Txowq7ThfVmFpeWV1rbhe2tjc2t6xd/eaKkokJh6OWCTbIVKEUUE8TTUj7VgSxENGWuHoKvNbd0QqGolbPY5JwNFA0D7FSBupa1cblbAKfUU59DnSQ4xY6k0qPpy9e/jDql277NScKeAicXNSBjkaXfvT70U44URozJBSHdeJdZAiqSlmZFLyE0VihEdoQDqGCsSJCtLpSRN4ZJQe7EfSfKHhVP3dkSKu1JiHpjJbW817mfif10l0/yJIqYgTTQSeDeonDOoIZvnAHpUEazY2BGFJza4QD5FEWJsUSyYEd/7kRdI8rrlntdObk3L9Mo+jCA7AIagAF5yDOrgGDeABDB7AE3gBr9aj9Wy9We+z0oKV9+yDP7A+vgEEBZqH</latexit>

P (b) ⇠ U( | )🐭 🐘Intercept:

Standard deviation

Error:
<latexit sha1_base64="AHFoJ97HHQObCJtX0T4hCkiSzL4=">AAACDXicbVDLSgMxFM34rPU16tJNsAotSJkRX8uiC11WsA/oDOVOmrahycyQZIQy9Afc+CtuXCji1r07/8a0nYW2Hrjcwzn3ktwTxJwp7Tjf1sLi0vLKam4tv76xubVt7+zWVZRIQmsk4pFsBqAoZyGtaaY5bcaSggg4bQSD67HfeKBSsSi818OY+gJ6IesyAtpIbfuwWvQU6wkoYdMF9m5ACCh6wOM+HGMvoBpKbbvglJ0J8DxxM1JAGapt+8vrRCQRNNSEg1It14m1n4LUjHA6ynuJojGQAfRoy9AQBFV+OrlmhI+M0sHdSJoKNZ6ovzdSEEoNRWAmBei+mvXG4n9eK9HdSz9lYZxoGpLpQ92EYx3hcTS4wyQlmg8NASKZ+SsmfZBAtAkwb0JwZ0+eJ/WTsntePrs7LVSusjhyaB8doCJy0QWqoFtURTVE0CN6Rq/ozXqyXqx362M6umBlO3voD6zPHwIjmkY=</latexit>

P (�) ⇠ �(↵,�)

A standard deviation cannot 
be negative
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<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

slope interceptprediction

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>
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error (st. dev.)
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<latexit sha1_base64="BLKHV8bAQ+fybLaRobJaFqTttRY=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpQZ8bUsunElFewDOkPJpGkbmmSGJKOUoQs3/oobF4q49SPc+Tdm2llo64ELh3Pu5d57gohRpR3n28otLa+sruXXCxubW9s79u5eU4WxxKSBQxbKdoAUYVSQhqaakXYkCeIBI61gdJX6rXsiFQ3FnR5HxOdoIGifYqSN1LWL9fJDBXqKcuhxpIcYseRmUnaOoFvp2iWn6kwBF4mbkRLIUO/aX14vxDEnQmOGlOq4TqT9BElNMSOTghcrEiE8QgPSMVQgTpSfTJ+YwEOj9GA/lKaEhlP190SCuFJjHpjO9FA176Xif14n1v0LP6EiijUReLaoHzOoQ5gmAntUEqzZ2BCEJTW3QjxEEmFtciuYENz5lxdJ87jqnlVPb09KtcssjjwoggNQBi44BzVwDeqgATB4BM/gFbxZT9aL9W59zFpzVjazD/7A+vwBtvyWOg==</latexit>

P (w) ⇠ N (0, 1)
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<latexit sha1_base64="pkUqrfOc6kSQR4kRvrK1Xgsqxo0=">AAACIXicbVDLSgMxFM34rPU16tJNsAgVSpkRH10W3biSCvYBnaFk0rQNTWaGJKMOY3/Fjb/ixoUi3Yk/Y6YdRFtPCDmccy+593gho1JZ1qexsLi0vLKaW8uvb2xubZs7uw0ZRAKTOg5YIFoekoRRn9QVVYy0QkEQ9xhpesPL1G/eESFp4N+qOCQuR32f9ihGSksds1IrOnB6HuFDCd6XoFeCjqR9jo7Sl0OHIzXAiCXXo2L843XMglW2JoDzxM5IAWSodcyx0w1wxImvMENStm0rVG6ChKKYkVHeiSQJER6iPmlr6iNOpJtMNhzBQ610YS8Q+voKTtTfHQniUsbc05XptHLWS8X/vHakehU3oX4YKeLj6Ue9iEEVwDQu2KWCYMViTRAWVM8K8QAJhJUONa9DsGdXnieN47J9Vj69OSlUL7I4cmAfHIAisME5qIIrUAN1gMETeAFv4N14Nl6ND2M8LV0wsp498AfG1zdCCaCY</latexit>

P ( |x,w, b,�) ⇠ N (y,�)🐼

Likelihood of an observed panda body mass

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>
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<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>
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<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>

=
y
±

�
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Linear regression

x yw

b
Diet Body mass 🥦 🐼

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

slope interceptprediction

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>

= y ± �🐼

error (st. dev.)

Data (‘training set’)

Bo
dy

 m
as

s 
(y

)

Optimizing (‘training’) a model
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Linear regression

x yw

b
Diet Body mass 🥦 🐼

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

slope interceptprediction

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>

= y ± �🐼

error (st. dev.)

Bo
dy

 m
as

s 
(y

)

Data (‘training set’)

Estimated (‘trained’) model
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Linear regression

x yw

b
Diet Body mass 🥦 🐼

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

slope interceptprediction

<latexit sha1_base64="F2pdYibdzL9a/NFzTUdHXh9I9wI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXxuh6MZlBfuAJpTJdNIOnUnCzESIoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3yZmVre2e3au/tt1WcSkJbJOax7AZYUc4i2tJMc9pNJMUi4LQTjG+nfueRSsXi6EFnCfUFHkYsZARrI/XtKrpGGfISgTzFhgL37ZpTd2ZAy8QtSA0KNPv2lzeISSpopAnHSvVcJ9F+jqVmhNNJxUsVTTAZ4yHtGRphQZWfzw6foGOjDFAYS1ORRjP190SOhVKZCEynwHqkFr2p+J/XS3V45ecsSlJNIzJfFKYc6RhNU0ADJinRPDMEE8nMrYiMsMREm6wqJgR38eVl0j6tuxf18/uzWuOmiKMMh3AEJ+DCJTTgDprQAgIpPMMrvFlP1ov1bn3MW0tWMXMAf2B9/gAr05In</latexit>

= y ± �🐼

error (st. dev.)

Bo
dy

 m
as

s 
(y

)

Data (‘training set’)

Estimated (‘trained’) model

🥦 

Predicting body mass from diet

?
🥦 

🐼
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x yw

b

Linear regression

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

Diet Body mass 

slope intercept

Multiple linear regression

x1

x2

x3

y
w11

w13

w12

b

<latexit sha1_base64="XLMXjBXhoUHpw5qPOYZkBmFAicI=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpK2qBuh6MZlBfuANoTJdNoOnUzCzEQNoT/hxl9x40IRt4I7/8ZJmoW2Xhg4j3u5c48XMiqVZX0bC4tLyyurhbXi+sbm1ra5s9uSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje+Sv32HRGSBvxWxSFxfDTkdEAxUlpyzZMYXsB7N7HtCXxwbXickUpKKjmppqSqieeaJatsZQXngZ2DEsir4ZpfvX6AI59whRmSsmtboXISJBTFjEyKvUiSEOExGpKuhhz5RDpJdtUEHmqlDweB0I8rmKm/JxLkSxn7nu70kRrJWS8V//O6kRqcOwnlYaQIx9NFg4hBFcA0ItingmDFYg0QFlT/FeIREggrHWRRh2DPnjwPWpWyfVqu3dRK9cs8jgLYBwfgCNjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfCnjM8fLUCbEw==</latexit>

y = w11x1 + w12x2 + w13x3 + b

Diet 

Genome 

Range size

slopes (effect sizes) intercept

x

y

<latexit sha1_base64="jht2kfoP3teDyWL6nh2ESaDYe7U="></latexit>

y =

0

@
x1

x2

x3

1

A�
w11 w12 w13

�
+ b

We can re-write it as a matrix multiplication

🥦 🐼
⛰

🧬

🥦

Body mass 🐼

prediction prediction



Daniele Silvestro – 2024 8

x yw

b

Linear regression

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

Diet Body mass 

slope intercept

Multiple linear regression

x1

x2

x3

y
w11

w13

w12

b

<latexit sha1_base64="XLMXjBXhoUHpw5qPOYZkBmFAicI=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpK2qBuh6MZlBfuANoTJdNoOnUzCzEQNoT/hxl9x40IRt4I7/8ZJmoW2Xhg4j3u5c48XMiqVZX0bC4tLyyurhbXi+sbm1ra5s9uSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje+Sv32HRGSBvxWxSFxfDTkdEAxUlpyzZMYXsB7N7HtCXxwbXickUpKKjmppqSqieeaJatsZQXngZ2DEsir4ZpfvX6AI59whRmSsmtboXISJBTFjEyKvUiSEOExGpKuhhz5RDpJdtUEHmqlDweB0I8rmKm/JxLkSxn7nu70kRrJWS8V//O6kRqcOwnlYaQIx9NFg4hBFcA0ItingmDFYg0QFlT/FeIREggrHWRRh2DPnjwPWpWyfVqu3dRK9cs8jgLYBwfgCNjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfCnjM8fLUCbEw==</latexit>

y = w11x1 + w12x2 + w13x3 + b

Diet 

Genome 

Range size

slopes (effect sizes) intercept

x

y

<latexit sha1_base64="jht2kfoP3teDyWL6nh2ESaDYe7U="></latexit>

y =

0

@
x1

x2

x3

1

A�
w11 w12 w13

�
+ b

We can re-write it as a matrix multiplication

🥦 🐼
⛰

🧬

🥦

Body mass 🐼

prediction prediction
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x yw

b

Linear regression

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

Diet Body mass 

slope intercept

Multiple linear regression

x1

x2

x3

y
w11

w13

w12

b

<latexit sha1_base64="XLMXjBXhoUHpw5qPOYZkBmFAicI=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpK2qBuh6MZlBfuANoTJdNoOnUzCzEQNoT/hxl9x40IRt4I7/8ZJmoW2Xhg4j3u5c48XMiqVZX0bC4tLyyurhbXi+sbm1ra5s9uSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje+Sv32HRGSBvxWxSFxfDTkdEAxUlpyzZMYXsB7N7HtCXxwbXickUpKKjmppqSqieeaJatsZQXngZ2DEsir4ZpfvX6AI59whRmSsmtboXISJBTFjEyKvUiSEOExGpKuhhz5RDpJdtUEHmqlDweB0I8rmKm/JxLkSxn7nu70kRrJWS8V//O6kRqcOwnlYaQIx9NFg4hBFcA0ItingmDFYg0QFlT/FeIREggrHWRRh2DPnjwPWpWyfVqu3dRK9cs8jgLYBwfgCNjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfCnjM8fLUCbEw==</latexit>

y = w11x1 + w12x2 + w13x3 + b

Diet 

Genome 

Range size

slopes (effect sizes) intercept

x

y

<latexit sha1_base64="jht2kfoP3teDyWL6nh2ESaDYe7U="></latexit>

y =

0

@
x1

x2

x3

1

A�
w11 w12 w13

�
+ b

We can re-write it as a matrix multiplication

🥦 🐼
⛰

🧬

🥦

Body mass 🐼

prediction prediction
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x yw

b

Linear regression

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

Diet Body mass 

slope intercept

Multiple linear regression

x1

x2

x3

y
w11

w13

w12

b

<latexit sha1_base64="XLMXjBXhoUHpw5qPOYZkBmFAicI=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpK2qBuh6MZlBfuANoTJdNoOnUzCzEQNoT/hxl9x40IRt4I7/8ZJmoW2Xhg4j3u5c48XMiqVZX0bC4tLyyurhbXi+sbm1ra5s9uSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje+Sv32HRGSBvxWxSFxfDTkdEAxUlpyzZMYXsB7N7HtCXxwbXickUpKKjmppqSqieeaJatsZQXngZ2DEsir4ZpfvX6AI59whRmSsmtboXISJBTFjEyKvUiSEOExGpKuhhz5RDpJdtUEHmqlDweB0I8rmKm/JxLkSxn7nu70kRrJWS8V//O6kRqcOwnlYaQIx9NFg4hBFcA0ItingmDFYg0QFlT/FeIREggrHWRRh2DPnjwPWpWyfVqu3dRK9cs8jgLYBwfgCNjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfCnjM8fLUCbEw==</latexit>

y = w11x1 + w12x2 + w13x3 + b

Diet 

Genome 

Range size

slopes (effect sizes) intercept

x

y

<latexit sha1_base64="jht2kfoP3teDyWL6nh2ESaDYe7U="></latexit>

y =

0

@
x1

x2

x3

1

A�
w11 w12 w13

�
+ b

We can re-write it as a matrix multiplication

🥦 🐼
⛰

🧬

🥦

Body mass 🐼

prediction prediction
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Multiple linear regressionLinear regression

x

y

x1

y

x2

y

x3

y

x yw

b

<latexit sha1_base64="a+Ya5EuO4HbI4rlfqcxx64T5H/k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSIIQtmVol6EohePFewHbJeSTbNtaDZZkqxalv4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v52l5ZXVtfXCRnFza3tnt7S339QyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKhzcTv/VAlWZS3JtRQoMY9wWLGMHGSv4IXaFH9IROUdgtld2KOwVaJF5OypCj3i19dXqSpDEVhnCste+5iQkyrAwjnI6LnVTTBJMh7lPfUoFjqoNsevIYHVulhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//P81ESXQcZEkhoqyGxRlHJkJJr8j3pMUWL4yBJMFLO3IjLAChNjUyraELz5lxdJ86zinVeqd9Vy7TqPowCHcAQn4MEF1OAW6tAAAhKe4RXeHOO8OO/Ox6x1yclnDuAPnM8f+d6Pww==</latexit>

y = wx+ b

Diet Body mass 

slope intercept

x1

x2

x3

y
w11

w13

w12

b

<latexit sha1_base64="XLMXjBXhoUHpw5qPOYZkBmFAicI=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpK2qBuh6MZlBfuANoTJdNoOnUzCzEQNoT/hxl9x40IRt4I7/8ZJmoW2Xhg4j3u5c48XMiqVZX0bC4tLyyurhbXi+sbm1ra5s9uSQSQwaeKABaLjIUkY5aSpqGKkEwqCfI+Rtje+Sv32HRGSBvxWxSFxfDTkdEAxUlpyzZMYXsB7N7HtCXxwbXickUpKKjmppqSqieeaJatsZQXngZ2DEsir4ZpfvX6AI59whRmSsmtboXISJBTFjEyKvUiSEOExGpKuhhz5RDpJdtUEHmqlDweB0I8rmKm/JxLkSxn7nu70kRrJWS8V//O6kRqcOwnlYaQIx9NFg4hBFcA0ItingmDFYg0QFlT/FeIREggrHWRRh2DPnjwPWpWyfVqu3dRK9cs8jgLYBwfgCNjgDNTBNWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfCnjM8fLUCbEw==</latexit>

y = w11x1 + w12x2 + w13x3 + b

Diet 

Genome 

Range size

slopes (effect sizes) intercept

🥦 🐼
⛰

🧬

🥦

Body mass 🐼

prediction prediction
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A neural network regression model

x1

x2

x3

z(1)2

z(1)3

z(1)1

z(2)2

z(2)3

z(2)1

y

w(1)
11

w(1)
33

w(2)
13

b

w(2)
11

Input Hidden layer Output
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<latexit sha1_base64="PUOvQQCdSjTEBdABvmuLqOTAabI="></latexit>0

@
x1

x2

x3

1

A

0

@
w11 w12 w13

w21 w22 w23

w31 w32 w33

1

A =

0

B@
z(1)1

z(1)2

z(1)3

1

CA

x w(1) z(1)
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A neural network regression model
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0.8

0.2

1.5

Multiply each x by w columns  
Matrix multiplication

<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0

@
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1

A
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@
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A

x w(1)
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A neural network regression model
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Multiply each x by w columns  
Matrix multiplication

<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0
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A neural network regression model
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Matrix multiplication

<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0
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A neural network regression model
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<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0
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Multiply each x by w columns 
and sum by rows.

Matrix multiplication

x w(1) z(1)
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A neural network regression model
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<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0

@
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�0.4 1.1 1.1
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0.7 0.1 �1.8
0.5 0.3 0.3
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Multiply each x by w columns 
and sum by rows.

Matrix multiplication

x w(1) z(1)
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A neural network regression model
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<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0
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Multiply each x by w columns 
and sum by rows.

Matrix multiplication

x w(1) z(1)



Daniele Silvestro – 2024 19

A neural network regression model
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<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0
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1.5

x w(1) z(1)

Multiply each x by w columns 
and sum by rows.

Matrix multiplication

z1 = np.einsum('j,ij->i', x, w1)

This is comfortably computed in 1 line in Python:
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A neural network regression model
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<latexit sha1_base64="WJnr/Om/crevgtyjX9F4xgHQ2iA="></latexit>0
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1
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x w(1) z(1)

Each item in vector z(1) is now 
a function of all input features
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A neural network regression model

x1

x2

x3

z(1)2

z(1)3

z(1)1

z(2)2
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z(2)1
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z2 = z1 * (z1 > 0)

In Python:

z(1)

ReLU function 
non-linear activation function: 
negative values are (arbitrarily)  
set to 0

<latexit sha1_base64="8l4Uj50t7B89JD2yZQa32DB4Vmg=">AAACT3icdVFNSwMxFMzWr7p+VT16CRbBi8tGrHoRil48KtgqdEvJpm9rMJtdkqxYlv5DL3rzb3jxoIjZuqBWfRDeMPOGvEzCVHBtfP/JqUxNz8zOVefdhcWl5ZXa6lpbJ5li0GKJSNRVSDUILqFluBFwlSqgcSjgMrw5KfTLW1CaJ/LCDFPoxnQgecQZNZbq1aIghAGXeRpTo/jdyCVeAweBu0M8v+jEI0ULQPa/Zo7cf1z/Wnq1uu/548K/ASlBHZV11qs9Bv2EZTFIwwTVukP81HRzqgxnAkZukGlIKbuhA+hYKGkMupuP8xjhLcv0cZQoe6TBY/a7I6ex1sM4tJN2v2s9qRXkX1onM9FhN+cyzQxI9nlRlAlsElyEi/tcATNiaAFlittdMbumijJjv8C1IZDJJ/8G7V2P7HuN871687iMo4o20CbaRgQdoCY6RWeohRi6R8/oFb05D86L814pRytOCdbRj6rMfwBcoK90</latexit>0

@
1.5
�1.0
1.1

1

A =

0
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1.5
0
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1

A

z(2)

<latexit sha1_base64="8l4Uj50t7B89JD2yZQa32DB4Vmg=">AAACT3icdVFNSwMxFMzWr7p+VT16CRbBi8tGrHoRil48KtgqdEvJpm9rMJtdkqxYlv5DL3rzb3jxoIjZuqBWfRDeMPOGvEzCVHBtfP/JqUxNz8zOVefdhcWl5ZXa6lpbJ5li0GKJSNRVSDUILqFluBFwlSqgcSjgMrw5KfTLW1CaJ/LCDFPoxnQgecQZNZbq1aIghAGXeRpTo/jdyCVeAweBu0M8v+jEI0ULQPa/Zo7cf1z/Wnq1uu/548K/ASlBHZV11qs9Bv2EZTFIwwTVukP81HRzqgxnAkZukGlIKbuhA+hYKGkMupuP8xjhLcv0cZQoe6TBY/a7I6ex1sM4tJN2v2s9qRXkX1onM9FhN+cyzQxI9nlRlAlsElyEi/tcATNiaAFlittdMbumijJjv8C1IZDJJ/8G7V2P7HuN871687iMo4o20CbaRgQdoCY6RWeohRi6R8/oFb05D86L814pRytOCdbRj6rMfwBcoK90</latexit>0

@
1.5
�1.0
1.1

1

A =

0

@
1.5
0
1.1

1

A

1.5

0

1.1
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A neural network regression model
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<latexit sha1_base64="8AIIAkml7cf2Dy8y7aBmgOtRWYc="></latexit>0

BB@

1
1.5
0
1.1

1

CCA
�
�0.4 0.1 2.0 2.6

�
=

�
�0.4 0.2 0 2.9

�
= 2.7

w(1)z(2)



Daniele Silvestro – 2024 23

A neural network regression model
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<latexit sha1_base64="8AIIAkml7cf2Dy8y7aBmgOtRWYc="></latexit>0
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A neural network regression model
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A neural network regression model
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BB@

1
1.5
0
1.1

1

CCA
�
�0.4 0.1 2.0 2.6

�
=

�
�0.4 0.2 0 2.9

�
= 2.7

w(1)z(2)



Daniele Silvestro – 2024 26

A neural network regression model
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A neural network regression model
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y
A neural network can approximate 
virtually any function
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<latexit sha1_base64="pC3+ypEn010ZFFTZWHAz67x1EnM=">AAACNXicbZDLSgMxFIYz9VbrrerSTbAIFaHMtFLdCEU3LlxUsBdo65BJM21oJjMkGaUOfSk3vocrXbhQxK2vYNoO9OaBwJ//O4fk/E7AqFSm+W4klpZXVteS66mNza3tnfTuXlX6ocCkgn3mi7qDJGGUk4qiipF6IAjyHEZqTu9qyGsPREjq8zvVD0jLQx1OXYqR0padvunDC/h4H2XzxwM7otYAPsUXC55MgfwE5GdAYQIKdjpj5sxRwUVhxSID4irb6ddm28ehR7jCDEnZsMxAtSIkFMWMDFLNUJIA4R7qkIaWHHlEtqLR1gN4pJ02dH2hD1dw5E5PRMiTsu85utNDqivn2dD8jzVC5Z63IsqDUBGOxw+5IYPKh8MIYZsKghXra4GwoPqvEHeRQFjpoFM6BGt+5UVRzeesYq54e5opXcZxJMEBOARZYIEzUALXoAwqAINn8AY+wZfxYnwY38bPuDVhxDP7YKaM3z/aEKdM</latexit>

y = w(2)
i1 z(2)1 + w(2)

i2 z(2)2 + w(2)
i3 z(2)3

Output: linear function of z(2)

<latexit sha1_base64="RVCIpf8nx0fcIbAjRInI4VgbQJM=">AAACDXicbVDLSgNBEJyNrxhfUY9eBqOQgITdINGLEPTiMYJ5QLKG2ckkGTL7YKZXEpf8gBd/xYsHRbx69+bfOJvsQRMLGoqqbrq7nEBwBab5baSWlldW19LrmY3Nre2d7O5eXfmhpKxGfeHLpkMUE9xjNeAgWDOQjLiOYA1neBX7jXsmFfe9WxgHzHZJ3+M9TgloqZM9eriL8qXCpMPxBW4DG0HkktEkb57g2LFip9DJ5syiOQVeJFZCcihBtZP9and9GrrMAyqIUi3LDMCOiAROBZtk2qFiAaFD0mctTT3iMmVH028m+FgrXdzzpS4P8FT9PRERV6mx6+hOl8BAzXux+J/XCqF3bkfcC0JgHp0t6oUCg4/jaHCXS0ZBjDUhVHJ9K6YDIgkFHWBGh2DNv7xI6qWiVS6Wb05zlcskjjQ6QIcojyx0hiroGlVRDVH0iJ7RK3oznowX4934mLWmjGRmH/2B8fkDkA+Z/A==</latexit>

z(2)i = max(0, z(1)i )

Intermediate (hidden) values z(2): non-linear function of z(1)

28
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w(1)
11

w(1)
33
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13
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Weights Activation Bias node (“intercept”)

Diet 
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Range size⛰

Body mass 🐼

Neural network

<latexit sha1_base64="5l8BNpCpduCHmSg2vO7ZD/g2A2g=">AAACK3icbZDLSsNAFIYnXmu9RV26GSxCRShJK9WNUOrGZQV7gTaGyXTSDp1cmJmoNfR93PgqLnThBbe+h5M2i178YeDnO+dw5vxOyKiQhvGlLS2vrK6tZzaym1vbO7v63n5DBBHHpI4DFvCWgwRh1Cd1SSUjrZAT5DmMNJ3BVVJv3hMuaODfymFILA/1fOpSjKRCtl59uovz5snIpvASPqQ+puYIPtomPJ1CxQQVZ1ApQSVbzxkFYyy4aMzU5ECqmq2/dboBjjziS8yQEG3TCKUVIy4pZmSU7USChAgPUI+0lfWRR4QVj28dwWNFutANuHq+hGM6PREjT4ih56hOD8m+mK8l8L9aO5LuhRVTP4wk8fFkkRsxKAOYBAe7lBMs2VAZhDlVf4W4jzjCUsWbVSGY8ycvmkaxYJYL5ZuzXKWaxpEBh+AI5IEJzkEFXIMaqAMMnsEr+ACf2ov2rn1rP5PWJS2dOQAz0n7/ABWpo/U=</latexit>

z(1)i = w(1)
i1 x1 + w(1)

i2 x2 + w(1)
i3 x3

Intermediate (hidden) values z(1): linear function of all predictors

🧬

🥦

Predictor

R
es

po
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e
R

es
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e
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<latexit sha1_base64="pC3+ypEn010ZFFTZWHAz67x1EnM=">AAACNXicbZDLSgMxFIYz9VbrrerSTbAIFaHMtFLdCEU3LlxUsBdo65BJM21oJjMkGaUOfSk3vocrXbhQxK2vYNoO9OaBwJ//O4fk/E7AqFSm+W4klpZXVteS66mNza3tnfTuXlX6ocCkgn3mi7qDJGGUk4qiipF6IAjyHEZqTu9qyGsPREjq8zvVD0jLQx1OXYqR0padvunDC/h4H2XzxwM7otYAPsUXC55MgfwE5GdAYQIKdjpj5sxRwUVhxSID4irb6ddm28ehR7jCDEnZsMxAtSIkFMWMDFLNUJIA4R7qkIaWHHlEtqLR1gN4pJ02dH2hD1dw5E5PRMiTsu85utNDqivn2dD8jzVC5Z63IsqDUBGOxw+5IYPKh8MIYZsKghXra4GwoPqvEHeRQFjpoFM6BGt+5UVRzeesYq54e5opXcZxJMEBOARZYIEzUALXoAwqAINn8AY+wZfxYnwY38bPuDVhxDP7YKaM3z/aEKdM</latexit>

y = w(2)
i1 z(2)1 + w(2)

i2 z(2)2 + w(2)
i3 z(2)3

Output: non-linear function of z(2)
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z(2)i = max(0, z(1)i )

Intermediate (hidden) values z(2): non-linear function of z(1)
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Neural network
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i1 x1 + w(1)

i2 x2 + w(1)
i3 x3

Intermediate (hidden) values z(1): linear function of all predictors
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Parameterization of a neural network
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sigmoid(x) = 1 / (1 + exp(-x))ReLU(x) = max(0, x)

ReLU: rectified 
linear unit Sigmoid
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Linear regression

Diet Body mass 

Multiple linear regression
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Weights Activation Bias node
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Range size⛰
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Neural network

effect size

intercept

intercept

• Non-linear responses 
• Interaction among predictors 

• No interpretable effect sizes 
• Over-parameterized

Pros and cons
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Training a neural network: updating the parameter 
values to improve the predictions
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Training a BNN

Likelihood function: the normal density function

y🐼
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Data (‘training set’)

⛰

🧬
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Initialize parameters

current parameter 
values

sample parameters

propose new 
parameter values

Calculate 
acceptance ratio

Accept or reject 
parameter values

Posterior sampling algorithm, e.g. MCMC or HMC

Training a BNN
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Posterior samples 
of the weights

Predictions using a trained BNN
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Predicting body mass from 
diet, genome, range size ?⛰⛰
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Posterior samples 
of the weights

Posterior distribution of 
predicted values

Sa
m

pl
in

g 
fre

qu
en

cy
 

Predictions using a trained BNN
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Predicting body mass from 
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Neural networks can approximate virtually any function
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BNNs are powerful but…

• They are over-parameterized models 
(risk of overfitting, potential issues in 
extrapolation)

• Defining informative priors is not trivial 
(if at all possible)

• Estimated parameters are not directly 
interpretable

• They are not designed for hypothesis 
testing
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Training a supervised neural network 
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NN regression
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P ( |x,w, b,�) ⇠ N (y,�)🐼

Likelihood of an observed panda body mass
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Data (‘training set’)
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Optimizing (‘training’) a model

NN regression
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Likelihood function: the normal density function
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� logP ( | ) / ( � )2y🐼 y🐼
Squared difference between truth and prediction

Loss function: mean squared error
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Neural networks are over-parameterized models 
and will overfit with a maximum likelihood approach
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Statistical inference: Step 1: select best model while penalizing for complexity  
(e.g. AIC or Bayes factors)

Step 2: find the parameters that maximize the 
likelihood of your data under the model

ML inference: Step 1: fit your model while preventing overfitting (i.e. 
stop optimizing before reaching the maximum likelihood)

Step 2 (optional): find the hyper-parameters that 
give you the best results (e.g. based on a test set)
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Optimization of a NN model

A maximum likelihood (or minimum loss) optimization 
of an NN would inevitably lead to over-fitting because 
NNs are over-parameterized
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Optimization of a NN model
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In machine learning a separate validation set is used to 
stop the optimization process before it starts overfitting

Overfitting

Learning features that are 
specific to the training set 

resulting in higher validation 
error
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Optimization of a NN model
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Optimization should stop here 
Weights that best fit the validation set

In machine learning a separate validation set is used to 
stop the optimization process before it starts overfitting

⛰

🧬

⛰ ⛰

🧬

Validation set

Training set



Daniele Silvestro – 2025 46

Bo
dy

 m
as

s 
(y

)

Data (‘training set’)

Trained model

NN regression

x1 z(1)2

z(1)3

z(1)1

z(2)2

z(2)3

z(2)1

y

b

🥦 🐼

🥦 

Predicting body mass from diet

?
🥦 

🐼



Daniele Silvestro – 2024 47

Optimization of a NN model
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In machine learning a separate validation set is used to 
stop the optimization process before it starts overfitting

Overfitting

Learning features that are 
specific to the training set 

resulting in higher validation 
error
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Optimization of a NN model
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Weights that best fit the validation set

In machine learning a separate validation set is used to 
stop the optimization process before it starts overfitting
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Likelihood in a neural network model of classification

Under-fitting Over-fittingJust right
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P (w) ⇠ N (0, 1)
Priors on the weights

In a BNN the priors have a regularizing 
effect that limits the risk of overfitting
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Parameterization of a neural network
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sigmoid(x) = 1 / (1 + exp(-x))ReLU(x) = max(0, x)

ReLU: rectified 
linear unit Sigmoid

Activation functions
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Parameterization of a neural network: how to choose?
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Parameterization of a neural network: how to choose?
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Neural networks for classification

🐼 🐻
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Neural networks for classification

Diet 

Genome 

Range size⛰

🧬

🥦 Probability to 
belong to each 

species

🐼

🐼

🐻

⛰

🧬

🐻
Classification task
Find the parameter for any combination of 
diet, genome and range size assign the 
highest probability to the correct species
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Neural networks for classification

Diet 

Genome 

Range size⛰

🧬

🥦 Probability to 
belong to each 

species

🐼

🐼

🐻

Convert arbitrary real values into probabilities

SoftMax function

In Python:
y = np.exp(z3) / np.sum(np.exp(z3)) z(3)
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Convert arbitrary real values into probabilities

SoftMax function

z(3)
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In Python:
y = np.exp(z3) / np.sum(np.exp(z3))
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Likelihood function in a classification model

Probability mass function of a 
categorical distribution 
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Likelihood in a neural network model of classification

Under-fitting Over-fittingJust right

A maximum likelihood optimization of an NN would inevitably 
lead to over-fitting because NNs are over-parameterized
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P (w) ⇠ N (0, 1)

Priors on the weights

In a BNN the priors have a regularizing 
effect that limits the risk of overfitting
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Parameterization of a neural network: how to choose?
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Posterior samples 
of the weights

Predictions using a trained BNN

Predicting body mass from 
diet, genome, range size ?⛰
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Posterior samples 
of the weights

Predictions using a trained BNN – identifying unknowns

Predicting body mass from 
diet, genome, range size ?⛰
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Model performance: classification accuracy

Accuracy: 33

37
= 89%
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Error rate: 4
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Final evaluation of the model performance: test accuracy

Error rate: 

Confusion matrix: 
Predicted

Tr
ue
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1 0 0

3 0 0
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Careful with imbalanced 
classes in the dataset!

Maybe this model will classify 
everything as a panda 
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The NN is a blackbox model

AI

The parameterization of a NN is arbitrary and 
does not aim or attempt to reflect a process or a 
specific distribution

The weights are not directly interpretable 
parameters and the main parameters of interest 
are in the output layer

Silvestro and Andermann 2020, arXiv: 2005.04987v1
https://github.com/dsilvestro/npBNN 
Check out our Bayesian neural network implementation!

https://github.com/dsilvestro/npBNN
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Problems and misuses in AI 

Input Output 


