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Linear regression

Data (‘training set’)

I
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Optimizing (‘training’) a model
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Linear regression
Data (‘training set’)
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Linear regression
Data (‘training set’)
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Linear regression Multiple linear regression

o

W

Y = wWx -+ b Y = W11 —+ W12x2}'IU13$3 -+ b\
prediction  slope intercept prediction slopes (effect sizes) intercept
L1
y=[z2] (w1 w12 wiz)+b
L3

We can re-write it as a matrix multiplication
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Linear regression Multiple linear regression

(D
3o 5L D

W

Y = wWx -+ b Y = W11 —+ W12x2}'IU13$3 -+ b\
prediction  slope intercept prediction slopes (effect sizes) intercept

Daniele Silvestro — 2024



A neural network regression model

Nodes Bias node

Weights Activation CD\
b

Input Hidden layer Output
(1)
X1 w11 Wi2 W13 211
L2 W21 W22 W23 | = z§ )
T3 w31 W32 W33 Zél)
X w(1) z(1)
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A neural network regression model

Matrix multiplication
Multiply each x by w columns
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Matrix multiplication
Multiply each x by w columns

and sum by rows.
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A neural network regression model
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Matrix multiplication
Multiply each x by w columns

and sum by rows.
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A neural network regression model
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Matrix multiplication
Multiply each x by w columns

and sum by rows.
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A neural network regression model
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Matrix multiplication
Multiply each x by w columns

and sum by rows.

A neural network regression model

Hidden layer
0.8 —-04 1.1 1.1 —0.3 0.2 1.6
0.2 09 04 —-12] =1 07 0.1 -—-1.8
1.5 0.6 1.3 0.2 0.5 0.3 0.3
X w(l)

This is comfortably computed in 1 line in Python:

z1
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np.einsum('j,1j->1", X,

wl)

Output

1.5
—1.0
1.1

z(1)
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A neural network regression model

Hidden layer Output
0.8 —0.4 1.1 1.1 —-0.3 0.2 1.6 1.5
0.2 09 04 —-12] =107 01 —-18]=|-1.0
1.5 0.6 1.3 0.2 0.5 03 0.3 1.1
X w(l) z(1)

Each item in vector z( IS now
a function of all input features
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A neural network regression model

z(1)

7(2)

Output

ReLU function

non-linear activation function:
negative values are (arbitrarily)
setto O

In Python:
z2 = z1 * (z1 > 0)

21



A neural network regression model

Bias node (cf. intercept)
(-0.4] 0.2 0 2.9)
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A neural network regression model

Input
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A neural network regression model

Input Output
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A neural network regression model

Input Hidden layer Output
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A neural network regression model

e

Input Hidden layer Output

1
1.5
0
1.1

(=04 0.1 2.0 26)=

Z(2) w(1)
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A neural network regression model

Input Hidden layer Output

A neural network can approximate
virtually any function
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Neural network

Weights Activation Bias node (“intercept”) @
b 2
)]
O
in
>
A
O
=
)
7}
GJ b
o ' >

Predictor

7)) = wy) o+ wiy s +wig s

Intermediate (hidden) values z(1): linear function of all predictors
. )

2,52) = max/(0, z,gl))

Intermediate (hidden) values z(2): non-linear function of z(1)

B
y= w2 4w 4wl

Output: linear function of z(2
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Neural network
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z,b-(Q) = max/(0, zzm)

Intermediate (hidden) values z(2): non-linear function of z(1)

B
y= w2 4w 4 W@

Output: non-linear function of z(2
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Parameterization of a neural network

Activation functions

Rel_ U: rectified
linear unit

ReLU(x) = max (0, x)

sigmoid(x) =1 / (1 + exp(-x))

@ Sigmoid

Number of hidden layers (deep NNs)

@)

_ /‘\@

NEN] NN}
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Linear regression Multiple linear regression

iIntercept
b

o (55—
effect size

Neural network

iIntercept

Pros and cons

’ e Non-linear responses

(2) ® |[nteraction among predictors
’@ /l__ 2" teractio gnp
e No interpretable effect sizes
e Over-parameterized
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Training a neural network: updating the parameter
values to improve the predictions

Likelihood
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Likelihood




Training a BNN
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Training a BNN
Data (‘training set’) Posterior sampling algorithm, e.g. MCMC or HMC

Initialize parameters
-

Accept or reject
_ parameter values

current parameter | Calculate

9 values _acceptance ratio

Propose new
arameter values
_

J sample parameters
N

20

60

100
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Predictions using a trained BNN

Predicting body mass from ‘
diet, genome, range size ‘ @ * ‘

20

Posterior samples
of the weights

60

100
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Posterior samples
of the weights
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Predictions using a trained BNN

PRY

Predicting body mass from
diet, genome, range size

> A

@)

_

€))

D)

o

q; Posterior distribution of
-?El predicted values
=

qv]

& >

Predicted body mass

100

1.0



Neural networks can approximate virtually any function

BNNs are powerful but...

e [hey are over-parameterized models
(risk of overfitting, potential issues in
extrapolation)

e Defining informative priors is not trivial
(if at all possible)

e Estimated parameters are not directly
interpretable

e They are not designed for hypothesis
testing
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Training a supervised neural network

Daniele Silvestro — 2024



NN regression Likelihood of an observed panda body mass
G P(%e |z, w,b,0) ~ N(y,0)
b
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NN regression

A

1 2
Z(2) _/_ Z(2)
Z(31) _/ Z(?

Likelihood function: the normal density function

% 1 (o — ()2
P(®1®,0) = \/277026 2

Loss function: mean squared error

—log P(%|(y)) (@—‘)2

Squared difference between truth and prediction
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Data (‘training set’) ’ e 9 = o
o9

Body mass (y)

Optimizing (‘training’) a model




NN regression

Data (‘training set’) ’ e 9 = o
o9

g

Best-fitting model

-
®

N
N
N
N N

Neural networks are over-parameterized models
and will overfit with a maximum likelihood approach

Body mass (y)
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Statistical inference:

ML inference:

Step 1: select best model while penalizing for complexity
(e.g. AIC or Bayes factors)

Step 2: find the parameters that maximize the
likelihood of your data under the model

Step 1: fit your model while preventing overfitting (i.e.
stop optimizing before reaching the maximum likelihood)

Step 2 (optional): find the hyper-parameters that
give you the best results (e.g. based on a test set)



Optimization of a NN model

1.6

1.4

1.2

1.0

A maximum likelihood (or minimum loss) optimization
of an NN would inevitably lead to over-titting because
NNs are over-parameterized

Loss

0.8

0.4

=== Training loss

Body mass (y)

0
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Optimization of a NN model

Overfitting
_ / === Training loss
: == \/alidation loss

©
< _
N
Learning features that are
@ S _ specific to the training set
In machine learning a separate validation set is used to — resulting in higher validation
stop the optimization process before it starts overfitting o error
D _
fTralnlng set PR \ .
Q-
< _
S :
I I I I I I
0 2000 4000 6000 8000 10000

f Validation set

D o
P

Epochs




Optimization of a NN model

1.6

1.4

1.2

Loss
1.0

In machine learning a separate validation set is used to
stop the optimization process before it starts overfitting

f Training set

0.6

0.4

=== T raining loss
== \/alidation loss

Optimization should stop here
. Weights that best fit the validation set

:/ X e

Body mass (y)
D
®

0

\_
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NN regression

G Data (‘training set’) ’ @ = o
b

DA e
Z(21) _/_ Z(22)
2(31) _/ z(_,f) Trained model

Predicting body mass from diet

L Bd

Body mass (y)
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Optimization of a NN model

Overfitting
_ / === Training loss
: == \/alidation loss
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N
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Optimization of a NN model

1.6

1.4

1.2

Loss
1.0

In machine learning a separate validation set is used to
stop the optimization process before it starts overfitting

f Training set

0.4

=== T raining loss
== \/alidation loss

. Optimization should stop here
. Weights that best fit the validation set

Y

0

\_
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Likelihood in a neural network model of classification

In a BNN the priors have a regularizing
effect that limits the risk of overfitting

Priors on the weights

P(w) ~ N(0,1)

>

Highest prior
probability on O
‘effect size’

Under-fitting Just right Over-titting

Prior probability
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Parameterization of a neural network

Activation functions

Rel_ U: rectified
linear unit

ReLU(x) = max (0, x)

sigmoid(x) =1 / (1 + exp(-x))

@ Sigmoid

Number of hidden layers (deep NNs)
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Parameterization of a neural network: how to choose?

>

N|NIIN

Training set

Sampling frequency

Likelihood of the training set
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Sampling frequency

Likelihood of the training set
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Sampling frequency

Likelihood of the training set
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Parameterization of a neural network: how to choose?

>

N|NIIN

Training set

-

Sampling frequency

(08

B
Y, L)

& W

Likelihood of the validation set

=

>

Validation set

NINIININ]IN

Sampling frequency

Likelihood of the validation set

>

kklk
DS

NINIIN|IN]IN

Sampling frequency

Likelihood of the validation set
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Neural networks for classification
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Neural networks for classification

Classification task

Find the parameter for any combination of
diet, genome and range size assign the
highest probabillity to the correct species
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Neural networks for classification

SoftMax function —1.64
—&.18

Convert arbitrary real values into probabilities 0. 44

In Python:

y = np.exp(z3) / np.sum(np.exp(z3)) ‘
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Neural networks for classification

» =
X
& =
- 2 0) Py
V)
A 0.89 P8-
0 0.45 0.9
6_1'64
(e=1:64 4 ¢—8.18 4 £0.44)
SoftMax function —1.64 / 6_8'18 0.11
—8.18 > —| 0

Convert arbitrary real values into probabilities (e—1:64 4 ¢—8.18 | £0.44)

\ 00.44

—1.64 —8.18 0.44
np.exp(z3) /7 np.sum(np.exp(z3)) 2(3) (6 Te Te ) P

SoftMax

0.44 0.89

In Python:
y




Neural networks for classification
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Likelihood function in a classification model

0.11

'
L (09 0
@)
4 2
’ Probability mass function of a QO
categorical distribution ]
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Neural networks for classification

Daniele Silvestro — 2024

Likelihood function in a classification model

e
n (08

f ’ Probability mass function of a

categorical distribution

Likelihood

P P P88




Likelihood in a neural network model of classification

In a BNN the priors have a regularizing
effect that limits the risk of overtitting

NINIININ]IR
NINIIN|N]IN

Priors on the weights
A maximum likelihood optimization of an NN would inevitably

lead to over-fitting because NNs are over-parameterized P(w) ~ N(() 1)
,

>

Under-fitting Just right Over-fitting oh _
ignest prior

probability on O

‘effect size’

Prior probability
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Parameterization of a neural network: how to choose?

>

N|NIIN

Training set

Sampling frequency

Likelihood of the validation set
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Sampling frequency

Likelihood of the validation set

>
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Sampling frequency

Likelihood of the validation set
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Predictions using a trained BNN

Predicting body mass from ‘
diet, genome, range size ‘ @ * ‘

‘ Ground truth

Posterior probability
- associated to each class

60

Posterior samples
of the weights

100 100

1.0
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Predictions using a trained BNN — identifying unknowns

Predicting body mass from ‘ \d Ground truth:
diet, genome, range size . @ * ‘ out-of-distribution!

” Low posterior probabilities
. among classes

100

Posterior samples
of the weights

1.0
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Confusion matrix:

Accuracy: — — 899

Error rate:

True
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Model performance: classification accuracy

Predicted

“y 8

14

0

0

0

9

1

1

2

10
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Final evaluation of the model performance: test accuracy

Predicted
Confusion matrix:
46
Accuracy: %:92% @ a ‘
A 7% 46 0 0
Error rate: %:8% o
= B 1 0 0

’ 3 0 0

Maybe this model will classity
everything as a panda

Careful with imbalanced
classes In the dataset!




The NN iIs a blackbox model

The parameterization of a NN is arbitrary and
does not aim or attempt to reflect a process or a
specific distribution

The weights are not directly interpretable
parameters and the main parameters of interest
are in the output layer

Check out our Bayesian neural network implementation!
https://github.com/dsilvestro/npBNN
Silvestro and Andermann 2020, arXiv: 2005.04987v1



https://github.com/dsilvestro/npBNN
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Problems and misuses in Al

Input Output

Al poses national security threat, warns
terror watchdog

Security services fear the new technology could be used to groom
vulnerable people
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= Google Translate

Xp Text B Documents

HUNGARIAN - DETECTED POLISH P v - ENGLISH POLISH

- PORTUGUESE v

She is beautiful. He is clever. He reads. ¥
She washes the dishes. He builds. She
sews. He teaches. She cooks. He's
researching. She is raising a child. He

plays music. She's a cleaner. He is a
politician. He makes a lot of money. She

is baking a cake. He's a professor. She's

an assistant.

O szép. O okos. O olvas. O mosogat. 0 X
épit. O varr. O tanit. O f6z. O kutat. 0
gyereket nevel. O zenél. O takarité. O
politikus. O sok pénzt keres. O

siiteményt siit. O professzor. O

asszisztens. |

Common carbon footprint benchmarks

in Ibs of CO2 equivalent

Roundtrip flight b/w NY and SF (1
passenger) | 1,984
Human life (avg. 1 year)

American life (avg. 1 year)

US car including fuel (avg. 1 lifetime)

126,000
626,155

Transformer (213M parameters) w/ neural
architecture search




